Another $q$-Polynomial Approach to Cyclic Codes by Xiang, Can
ar
X
iv
:1
61
0.
06
35
7v
1 
 [c
s.I
T]
  2
0 O
ct 
20
16
Another q-Polynomial Approach to Cyclic Codes
Can Xiang
College of Mathematics and Informatics, South China Agricultural University, Guangzhou, 510642, China.
Email: cxiangcxiang@hotmail.com.
Abstract
Recently, a q-polynomial approach to the construction and analysis of cyclic codes
over GF(q) was given by Ding and Ling. The objective of this paper is to give another
q-polynomial approach to all cyclic codes over GF(q).
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1. Introduction
Let q be a power of a prime. An [n,k,d;q] linear code is a k-dimensional subspace
of GF(q)n with minimum nonzero (Hamming) weight d.
An [n,k] linear code C over GF(q) is called cyclic if (c0,c1, · · · ,cn−1) ∈ C implies
(cn−1,c0,c1, · · · ,cn−2) ∈ C . By identifying a vector (c0,c1, · · · ,cn−1) ∈ GF(q)n with
the polynomial
c0 + c1x+ c2x
2 + · · ·+ cn−1x
n−1 ∈ GF(q)[x]/(xn − 1),
any code C of length n over GF(q) corresponds to a subset of the quotient ring GF(q)[x]/(xn−
1). A linear code C is cyclic if and only if the corresponding subset in GF(q)[x]/(xn −
1) is an ideal of the ring GF(q)[x]/(xn − 1).
It is well known that every ideal of GF(q)[x]/(xn−1) is principal. Let C = 〈g(x)〉 be
a cyclic code, where g(x) is monic and has the smallest degree among all the generators
of the ideal C . Then g(x) is unique and called the generator polynomial, and h(x) =
(xn − 1)/g(x) is referred to as the parity-check polynomial of C .
Cyclic codes are widely employed in consumer electronics, data transmission de-
vices, broadcast systems, and computer systems as they have efficient encoding and
decoding algorithms. Cyclic codes have been studied for decades and a lot of progress
has been made (see, for example, [1, 3, 7, 8, 4, 6] and the references therein). Three
approaches are generally used in the design and analysis of cyclic codes, and based
on a generator matrix, a generator polynomial and a generating idempotent, respec-
tively. These approaches have their advantages and disadvantages in dealing with
cyclic codes. Recently, a q-polynomial approach to the construction and analysis of
cyclic codes over GF(q) was given by Ding and Ling [2]. Further progress was made
in [5]. The objective of this paper is to present another q-polynomial approach to all
cyclic codes over GF(q).
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The remainder of this paper is organized as follows. Section 2 introduces the q-
polynomial approach to cyclic codes developed in [2] and some recent progress made
in [5]. Section 3 presents another q-polynomial approach to cyclic codes over GF(q).
Section 4 summarizes this paper.
2. The Ding-Ling q-polynomial approach to cyclic codes
Throughout this paper, we adopt the following notations unless otherwise stated:
• p is a prime.
• q is a positive power of p.
• n is a positive integer, and denotes the length of a cyclic code over GF(q).
• r = qn.
Let λ be an element of GF(r)∗. A q-polynomial code with check element λ is
defined by
Cλ =
{
(c0,c1, · · · ,cn−1) ∈ GF(q)n : C(λ) = 0, where C(x) =
n−1
∑
i=0
cix
qi
}
. (1)
Ding and Ling defined the code Cλ and proved the following result [2].
Theorem 2.1. Every cyclic code of length n over GF(q) can be expressed as a code Cλ
for some element λ ∈ GF(qn), and is thus a q-polynomial code.
The Normal Basis Theorem in finite fields tells us that GF(r) has a normal ba-
sis {α,αq, · · · ,αqn−1} over GF(q), where α ∈ GF(r)∗. Such an α is called a normal
element of GF(r) over GF(q). Then λ has a unique expression of the form
λ =
n−1
∑
i=0
λiαq
i
, (2)
where all λi ∈ GF(q).
Ding and Ling also proved the following result on the dimension of the code Cλ
[2].
Theorem 2.2. Let λ be as in (2), and let λ = γs for some s ≥ 0, where γ is a generator
of GF(r)∗. The dimension of the code Cλ is equal to n− rank(Bλ), where the matrix Bλ
is defined by
Bλ =


λ0 λn−1 λn−2 · · · λ2 λ1
λ1 λ0 λn−1 · · · λ3 λ2
λ2 λ1 λ0 · · · λ4 λ3
.
.
.
.
.
.
.
.
. · · ·
.
.
.
.
.
.
λn−1 λn−2 λn−3 · · · λ1 λ0

 , (3)
and these λi are defined in (2).
Furthermore, the dimension of the code Cλ is no less than n− ℓs, where ℓs denotes
the size of the q-cyclotomic coset modulo r− 1 containing s.
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Lv, Yan and Xiao made further progress on q-polynomial codes by proving the
following [5].
Theorem 2.3. A cyclic code of length n over GF(q) with parity-check polynomial
λ(x) = λ0 + λ1x+ · · ·+ λhxh (h ≤ n− 1) is a q-polynomial code with check element
λ = λ0α+ λ1αq + · · ·+ λhαq
h
, where all λi ∈ GF(q), and α is a normal element of
GF(r) over GF(q).
Theorem 2.3 also proves that every cyclic code over GF(q) is a q-polynomial code
Cλ. It is interesting to notice that the proof of Theorem 2.3 given by Lv, Yan and Xiao
is much easier than that of Theorem 2.1 given by Ding and Ling [2]. BCH codes are
a special type of cyclic codes. Lv, Yan and Xiao also defined the q-BCH codes, which
can be viewed as an analogue of the classical BCH codes [5].
In the next section, we will give another q-polynomial treatment of all cyclic codes
over GF(q).
3. Another q-polynomial approach to cyclic codes over GF(q)
A q-polynomial over GF(q) is a polynomial of the form ℓ(x) = ∑hi=0 ℓixq
i
with all
coefficients ℓi in GF(q) and h being a nonnegative integer.
3.1. Description of q-polynomial image codes
Let
ℓ(n,q)(x) =
n−1
∑
i=0
ℓix
qi (4)
be a q-polynomial over GF(q), which is a subfield of GF(qn). We define
Im(ℓ(n,q)) = {ℓ(n,q)(y) : y ∈ GF(qn)}. (5)
Given a normal basis {β,βq,βq2 , · · · ,βqn−1} of GF(qn) over GF(q), every c∈GF(qn)
can be expressed as
c =
n−1
∑
i=0
ciβqi .
This gives a one-to-one correspondence between GF(qn) and GF(q)n with the fixed
normal element β.
Define
C(n,β,ℓ) =
{
(c0,c1, · · · ,cn−1) ∈ GF(q)n : c =
n−1
∑
i=0
ciβqi ∈ Im(ℓ(n,q))
}
. (6)
Clearly, C(n,β,ℓ) is a linear code over GF(q) of length n, and is called the q-polynomial
image code of the q-polynomial ℓ(n,q)(x) of (4).
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3.2. Main results about the q-polynomial image code C(n,β,ℓ)
The main results of this paper are stated in the following two theorems.
Theorem 3.1. Let symbols and notations be as above. Then the generator matrix of
the q-polynomial image code C(n,β,ℓ) is given by
G =


ℓ0 ℓn−1 ℓn−2 · · · ℓ2 ℓ1
ℓ1 ℓ0 ℓn−1 · · · ℓ3 ℓ2
.
.
.
.
.
.
.
.
. · · ·
.
.
.
.
.
.
ℓn−1 ℓn−2 ℓn−3 · · · ℓ1 ℓ0

 , (7)
and thus C(n,β,ℓ) is a cyclic code over GF(q) of length n.
Proof. By the Normal Basis Theorem, every y ∈ GF(qn) has a unique expression of
the form
y =
n−1
∑
i=0
yiβqi ,
where all yi ∈ GF(q). It follows from (4) that
ℓ(n,q)(y) =
n−1
∑
i=0
ℓiyq
i
=
n−1
∑
i=0
ℓi
(
n−1
∑
i=0
yiβqi
)qi
=
n−1
∑
i=0
(
n−1
∑
j=0
ℓ j y(i− j) mod n
)
βqi , (8)
where all ℓi ∈ GF(q) and yi ∈ GF(q).
By (5) and (8), it is easily seen that the code C(n,β,ℓ) of (6) can be expressed as
C(n,β,ℓ) =
{
(c0,c1, · · · ,cn−1) ∈ GF(q)n : ci =
n−1
∑
j=0
ℓ j y(i− j) mod n
for all y = (y1,y2, · · · ,yn) ∈ GF(q)n
}
.
This leads to

ℓ0 ℓn−1 ℓn−2 · · · ℓ2 ℓ1
ℓ1 ℓ0 ℓn−1 · · · ℓ3 ℓ2
.
.
.
.
.
.
.
.
. · · ·
.
.
.
.
.
.
ℓn−1 ℓn−2 ℓn−3 · · · ℓ1 ℓ0




y0
y1
.
.
.
yn−1

=


c0
c1
.
.
.
cn−1

 . (9)
Hence, G is the generator matrix of the code C(n,β,ℓ). Since G is a circulant matrix,
C(n,β,ℓ) is a cyclic code over GF(q) of length n and its dimension is equal to rank(G).
This completes the proof.
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Theorem 3.2. Let symbols and notations be as above. Then every cyclic code over
GF(q) of length n can be expressed as a code C(n,β,ℓ) of (6) for a normal element
β ∈ GF(qn) and a q-polynomial ℓ(x) over GF(q).
Proof. For any cyclic code C over GF(q) of length n, we suppose that C is an [n,n− s]
cyclic code over GF(q) with generator polynomial g(x) = ∑si=0 gixi, where all gi ∈
GF(q). Then
G1 =


g0 g1 g2 · · · gs 0 0 · · · 0
0 g0 g1 g2 · · · gs 0 · · · 0
0 0 g0 g1 g2 · · · gs · · · 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. · · ·
.
.
.
.
.
.
0 0 0 0 g0 g1 g2 · · · gs
gs 0 0 0 0 g0 g1 · · · gs−1
gs−1 gs 0 0 0 0 g0 · · · gs−2
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
g1 g2 g3 · · · gs 0 0 · · · g0


(10)
is a generator matrix of the code C and rank(G1) = n− s.
Let β be a normal element of GF(qn) over GF(q) and ℓ(x) = ∑n−1i=0 ℓixqi ∈ GF(q)[x],
where
ℓ0 = g0,
ℓi = 0 for all i with 1 ≤ i ≤ n− s− 1,
ℓn−i = gi for all i with 1 ≤ i ≤ s.
It then follows from the proof of Theorem 3.1 that the code C(n,β,ℓ) has generator matrix
G1. Hence, C = C(n,β,ℓ). This completes the proof.
4. Concluding remarks
In this paper, we proposed another q-polynomial approach to all cyclic codes over
GF(q), and gave a specific expression of their generator matrices. It would be very
interesting to employ this approach to find out cyclic codes with desirable parameters.
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